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The collapse of Hall gaps in the integer quantum Hall liquid in a quantum wire is investigated.
Motivated by recent experiment [Pallecchi et al. PRB 65, 125303 (2002)] previous approaches are
extended to treat confinement effects and the exchanged enhanced g factor in quantum wires. Two
scenarios for the collapse of the ν = 1 state are discussed. In the first one the ν = 1 state becomes
unstable at B
(1)
cr , due to the exchange interaction and correlation effects, coming from the edge-states
screening. In the second scenario, a transition to the ν = 2 state occurs at B
(2)
cr , with a smaller
effective channel width, caused by the redistribution of the charge density. This effect turns the
Hartree interaction essential in calculating the total energy and changes B
(2)
cr drastically. In both
scenarios, the exchange enhanced g-factor is suppressed for magnetic fields lower than Bcr. Phase
diagrams for the Hall gap collapse are determined. The critical fields, activation energy, and optical
g-factor obtained are compared with experiments. Within the accuracy of the available data, the
first scenario is most probable to be realized.
PACS numbers: 73.43.-f, 73.43.Cd, 73.43.Nq, 73.43.Qt
I. INTRODUCTION
Effects of electron-electron interaction and lateral con-
finement in a two-dimensional electron system (2DES)
in the presence of a strong magnetic field B, especially
in the integer quantum Hall regime, have attracted sig-
nificant attention in recent years. Most of work have
been concentrated on the bulk properties of the quan-
tum Hall liquid. However for wide channels of the 2DES,
the interplay of the edge states and electron-electron in-
teractions plays dominant role in the understanding of
unusual properties of the Hall liquid.1,2,3,4,5,6. Another
system of particular interest, that we are focusing on
this paper, is the quasi-one-dimensional electron system
(Q1DES) in narrow channels hereafter named quantum
wires (QW).7,8,9,10,11,12,13,14.
It is well known that the bulk Lande´ g-factor that de-
scribes the spin splitting in the presence of the magnetic
field is strongly affected by many-body interactions and
the influence should be more drastic as the dimensional-
ity is reduced. At first glance, the exchange interaction
is the main responsible by the enhancement of the g-
factor at lower dimensions. However pronounced effects
of quantum confinement and electron correlations in QW
lead to the proposal of different scenarios in order to un-
derstand experimental results.
Kinaret and Lee7 found the decreasing of the
exchanged-enhanced spin splitting of a Q1DES in a QW
as the width is reduced. By minimizing the total energy,
calculated from the unscreened exchange interaction for a
fixed linear density nL, they observed that, at a certain
critical density, the exchange enhancement of the spin
splitting is suppressed. This phase transition occurs be-
cause the cost in the kinetic energy for adding electrons
for only one spin-split level increases up to a critical point
in which the population of both spin-split levels becomes
more favorable for the same nL.
Only recently the influence of electron correla-
tions coming from the edge states were taken into
account5,6,11,12,14. It was shown that these effects, as-
sociated with the strong screening by the edge states,
are quite relevant both for QWs11,12,14 and for wide
channels.5,6,11 For the latter system, Balev and Studart5
were able to calculate the screened Coulomb potential
by performing an exact infinite summation of a power
series in the relevant parameter r0 = e
2/εℓ0~ωc which
characterizes the strength of the electron-electron in-
teraction relative to the cyclotron energy. Here ℓ0 =√
~/m∗ωc is the magnetic length, ωc = |e|B/m∗c the
cyclotron frequency and ε is the background dielec-
tric constant. In the Balev-Studart (BS) self-consistent
nonlocal treatment, the many-particle energy disper-
sion relations are obtained from the solution of a
single-particle Schro¨dinger equation determined by an
exchange-correlation potential which is given in terms
of the total single-particle energy and the effective con-
fining potential.15 The latter one is calculated in the
self-consistent Hartree approximation (HA) taking into
account screening effects on the external (bare) one-
electron lateral confining potential.5 The BS approach
has the merit that, by considering infinite number of
terms in a systematic expansion in powers of r0 << 1, its
validity is well justified for r0 . 1 (in experiments r0 ∼ 1)
and for different confining potentials provided their forms
are smooth on the ℓ0 scale. If we adopt the parabolic con-
finement, Vy = m
∗Ω2y2/2, where Ω is the confinement
frequency, that implies Ω2/ω2c ≪ 1. It was shown that
edge-state nonlocal correlations change appreciably the
spectrum of the spin-split Landau levels (LLs) leading to
2a highly asymmetric Fermi level within the gap between
the (n = 0, σ = +1) and (n = 0, σ = −1) LLs as well
the edge group-velocity is drastically renormalized. As
further conclusions, it was shown in BS that the strong
correlation effects induced by the edge states can lead to
the collapse of the fundamental Hall gap, which defines
the activation g-factor. As these findings are noticeable,
we cannot neglect exchange-correlation effects in calcu-
lating many-body properties of the ν = 1 quantum Hall
liquid in electron channels.
In this paper, the BS approach is extended to de-
termine the structure of lowest spin-split LLs (n = 0,
σ = ±1) in the QW system for the ν = 1 quantum Hall
liquid at zero temperature. Strong correlation effects due
to the screening of both left and right edges of the chan-
nel are now taken fully into account. Besides the intrinsic
interest on theoretical aspects of this intensively studied
system, our motivation stems mainly from recent mag-
netocapacitance experiment in GaAs/AlGaAs QW het-
erostructures where the evolution 1D subband filling and
spacing was studied as function of confinement, gate volt-
age and magnetic field.13 In this reference, Pallecchi et al.
compared the experimental results with the predictions
by Kinaret and Lee7 and by Balev and Vasilopoulos11
and concluded that essential improvements of these mod-
els are needed.
We obtain analytically the renormalized, by exchange-
correlation effects, group velocity v
(1)
g0 of the edge states
and find that v
(1)
g0 ∝ (v1,Hg0 )1/2, where v1,Hg0 is the edge-
state group velocity in the HA. We calculate also the
enhanced activation gap G, strongly dependent on the
exchange-correlation interaction, for several values of the
magnetic field and the Fermi wave vector kF , which de-
fines the width W of the QW because W is linearly pro-
portional to the number of filled k states for a given band.
Similarly to the wide channel system, we show that the
spatial behavior of the occupied LL in a QW is strongly
modified due to electron correlations, especially near the
edges, in comparison with the results in the HA and the
Hartree-Fock approximation (HFA). The position of the
Fermi level in the gap at the centre of the QW is highly
asymmetric due to correlation effects induced by edge
states. Though in the HFA, the exchange interaction
leads to the edge-state velocity v1,xg0 that diverges loga-
rithmically, correlation effects restore the smoothness of
the single-particle energy as a function of the oscillator
center y0, on the ℓ0 scale.
5,11,12
In order to understand better the effects of electron-
electron interaction and lateral confinement on the
exchange-enhanced spin splitting at the ν = 1 Hall state
in QW, we treat two scenarios for the collapse of the ac-
tivation gap G. In the first one, there is no change in the
effective QW width when the ν = 1 state becomes unsta-
ble at a critical magnetic field B
(1)
cr . As a consequence,
no finite redistribution of the electron charge density oc-
curs at B
(1)
cr , when the Fermi level touches the bottom
of empty LL (n = 0, σ = 1). This scenario, proposed in
Ref.11, is analyzed here by employing the BS approach to
study the energy spectrum, activation gap and “optical”
g-factor of the QW. In the second scenario, similar to
that discussed by Kinaret and Lee,7 we include the very
essential Hartree energy, missed in Ref. 7. Now the tran-
sition to the ν = 2 state happens at a certain B
(2)
cr . For
B < B
(2)
cr , in the ν = 1 state, the increase of the kinetic
energy exceeds the energy gain from the exchange energy
plus the Hartree energy, with respect to the ν = 2 state,
such that the total energy of the QW in the ν = 2 state
is lower than in ν = 1 state. In this scenario, the width
of the QW becomes two times smaller (if we neglect the
bare g-factor g0) for B < B
(2)
cr . We make a detailed anal-
ysis of both scenarios and compare their predictions with
experimental results10,13 as well as with the predictions
of Kinaret and Lee model.7 We show that the first sce-
nario is realized in experimentally observed collapse of
the activation gap of the ν = 1 quantum Hall state as in
wide channels of Ref. 10 (W ∼ 3000 A˚, ~Ω ∼ 0.5 meV) as
for much narrower QWs considered in recent experiment
by Pallecchi et al. (W ∼ 500 A˚, ~Ω ∼ 5 meV).?
The outline of our paper is as follows. In Sec. II A,
we extend, for a sake of completeness, on QWs the mi-
croscopic formalism of Ref. 5 for obtaining the screened
Coulomb interaction in the very strong magnetic field
limit r0 ≪ 1. In Sec. II B, the BS approach, for r0 . 1,
is extended for the quantum Hall liquid in the QW. We
calculate the structure of the LL subband dispersion, the
renormalization, due to exchange and correlations, of the
group velocity of edge states, the activation gap and the
optical g-factor. The first scenario of the ν = 1 collapse
is discussed. In Sec. III A, we revisit the Kinaret-Lee
model and discuss the second scenario for the suppres-
sion of the ν = 1 state spin splitting within the HFA,. A
detailed comparison of our results for phase transitions
from both scenarios with the experimental results of Refs.
10 and 13 as well with those from the model of Ref. 7
is provided in Sec. III B. We summarize the key results
and present our conclusions in Sec. IV.
II. EXCHANGE-CORRELATION EFFECTS IN
THE QUANTUM WIRE AT ν = 1
We consider the Q1DES in a QW of width W and
length Lx = L lying in the (x, y) plane in the pres-
ence of a strong magnetic field B pointing up along
the z axis. Choosing the vector potential A = −Byx̂,
the single-particle Hamiltonian in the HA is given as
ĥ0 = [(p̂x + eBy/c)
2 + p̂2y]/2m
∗ + Vy + g0µBσ̂zB/2,
where the confining potential Vy = m
∗Ω2y2/2, g0 is
the bare Lande´ g-factor, µB the Bohr magneton, and
σˆz the z-component Pauli matrix. The eigenvalues and
eigenfunctions are given by ǫn,kx,σ = (n + 1/2)~ω˜ +
~
2k2x/2m˜ + σg0µBB/2 and ψnkxσ(r, σ1) = 〈r|nkx〉|σ〉,
with 〈r|nkx〉 = exp(ikxx)Ψn(y − y0(kx))/
√
L and spin
function |σ〉 = ψσ(σ1) = δσσ1 , σ1 = ±1. Here ω˜ =
3(ω2c + Ω
2)1/2, m˜ = m∗ω˜2/Ω2, y0(kx) = ~ωckx/m
∗ω˜2,
Ψn(y) is a harmonic oscillator function.
For the ν = 1 quantum Hall liquid in the HA the
right (left) edge of the occupied (n = 0, σ = 1) LL is
denoted by y
(1)
r0 = ~ωckF /m
∗ω˜2 (−y(1)r0 ), where kF =
(ω˜/~Ω)
√
2m∗∆
(1)
F0 is the Fermi vector; this level is occu-
pied only for |kx| ≤ kF , ∆(1)F0 = EHF − ~ω˜/2− g0µBB/2,
and EHF is the Fermi energy in the HA. The QW width
is W = 2y
(1)
r0 . The group velocity of the edge states in
the HA, at the right (left) edge of the QW is given by
v1,Hg0 = ∂ǫ0,kF ,1/~∂kx = ~kF /m˜ (−~kF /m˜).
For the parabolic confinement, the essential matrix el-
ements were evaluated in Ref.11. The result is
< n
′
k
′
x|eiq·r|nkx > = (n
′
k
′
x|eiqyy|nkx)δqx,−k−
= (
n′!
n!
)1/2(
aqx + iqy√
2/ℓ˜
)me−u/2
× Lm
n′
(u)eiaqyk+ ℓ˜
2/2δqx,−k− , (1)
where k± = kx ± k′x, m = n− n
′
, a = ωc/ω˜, u = [a
2q2x +
q2y]ℓ˜
2/2, ℓ˜ = (~/m∗ω˜)1/2 is the renormalized magnetic
length, and Lm
n′
(u) the Laguerre polynomial. Observe
that the Eq. (7) of Ref.7 differs from Eq. (1) and the
q-anisotropy of < n
′
k
′
x|eiq·r|nkx > should be pointed out
especially for ωc/Ω . 1.
A. Many-body interactions for r0 ≪ 1
We will now consider exchange-correlation effects in
the QW for the strong magnetic field limit, r0 ≪ 1,
when only the lowest spin-up (σ = +1) LL is occu-
pied. The exchange and correlation contributions to the
single-particle energy of this LL E0,kx,1 = ǫ0,kx,1+ ǫ
xc
0,kx,1
in the screened Hartree-Fock approximation (SHFA) is
given as11
ǫxc0,kx,1 = −
1
8π3
∫ kF
−kF
dk
′
x
∫ ∞
−∞
dqy
∫ ∞
−∞
dq
′
yV
s(k−, qy; q
′
y)
× (0kx|eiqyy|0k
′
x)(0k
′
x|eiq
′
yy|0kx), (2)
where V s(qx, qy; q
′
y) is the Fourier transform of the
screened Coulomb interaction which can be evaluated
within the random phase approximation (RPA). For com-
parison with experiments,10,13 we will assume further in
Sec. II that Ω2/ω2c ≪ 1, then ℓ˜ ≈ ℓ0 = (~/m∗ωc)1/2.
In order to calculate the screened Coulomb interaction,
we follow closely Ref. 5. The integral equation for the
Fourier components of the induced charge density, by the
test electron charge located at (x0, y0), is given as
ρ(qx, y; y0) = −rH1
1∑
k=0
Π00(y, (−1)kkF , (−1)kkF − qx)
×
∫ ∞
−∞
dy˜
∫ ∞
−∞
dy′ K0(|qx||y˜ − y′|)
×Π00(y˜, (−1)kkF , (−1)kkF − qx)
× [ρ(qx, y′; y0) + eδ(y′ − y0)], (3)
where k = 0 (1) term is related to the contribu-
tion coming from the right (left) edge states, rH1 =
e2/(π~εv1,Hg0 ) is a characteristic dimensionless parameter,
Πnαnβ (y, kxα, kxβ) = Ψnα [y − y0(kxα)]Ψnβ [y − y0(kxβ)],
and K0(x) is the modified Bessel function. Equation (3)
is similar to Eq. (4) of Ref. 5. However, notice the es-
sential point that two terms are now present in Eq. (3)
because one cannot neglect contributions from both left
and right edges at any point of the QW.
We look for a solution of Eq. (3) in the form
ρ(qx, y; y0) =
1∑
k=0
ρ(k) Π00[y˜, (−1)kkF , (−1)kkF − qx],
(4)
where ρ(k) ≡ ρ(k)(qx, y0). Substituting the Eq. (4)
into Eq. (3), we obtain the system of two linear in-
homogeneous equations with respect to ρ(k)(qx, y0), for
k = 0, 1. Calculating these functions and then taking
the Fourier transform ρ(qx, qy; q
′
y) of ρ(qx, y; y0) it fol-
lows from V s(qx, qy; q
′
y) = (2πe/ε
√
q2x + q
2
y)[2πeδ(qy +
q′y) + ρ(qx, qy; q
′
y)] that
V s(qx, qy; q
′
y) =
4π2e2
ε
√
q2x + q
2
y
{δ(qy + q′y)
− r
H
1 exp[iqx(qy + q
′
y)ℓ
2
0/2]
∆H(qx)
√
q2x + (q
′
y)
2
× e−[2q2x+q2y+(q′y)2]ℓ20/4[(1 + rH1 M(0, qx))
× cos(kF (qy + q′y)ℓ20)− rH1 M(2kF , qx)
× cos(kF (qy − q′y)ℓ20)]}, (5)
where
M(kx, qx) = e
−q2xℓ
2
0/2
∫ ∞
0
dqy
e−q
2
yℓ
2
0/2√
q2x + q
2
y
cos[qykxℓ
2
0], (6)
and
∆H(qx) = [1 + r
H
1 M(0, qx)]
2 − [rH1 M(2kF , qx)]2. (7)
From Eq. (6) it follows that M(0, qx) =
2−1 exp(−q2xℓ20/4)K0(q2xℓ20/4) and for 2kF ℓ0 ≫ 1,
M(2kF , qx) ≈ K0(2kF qxℓ20). The first term in the curly
brackets of Eq. (5) is the bare Coulomb interaction
4which leads to the exchange contribution3,7,11, with
neglected small corrections of the order of Ω2/ω2c ≪ 1.
Substituting Eq. (5) into Eq. (2), we obtain the single-
particle exchange-correlation energy as
ǫxc0,kx,1 = −
e2
πε
∫ kF
−kF
dk′x
∆H(kx − k′x)
{M(0, kx − k′x)
×∆H(kx − k′x)− rH1 [(1 + rH1 M(0, kx − k′x))
×
1∑
k=0
M2(kx + (−1)kkF , kx − k′x)
− 2rH1 M(2kF , kx − k′x)M(kx − kF , kx − k′x)
×M(kx + kF , kx − k′x)]}. (8)
The first term in the curly brackets of Eq. (8) gives the
exchange energy. Remaining terms are the important
electron-correlation contributions to the energy coming
from the edge-states screening of both left and right edges
of the QW.
B. Structure of Landau level subbands for r0 . 1
In order to make comparisons between theoretical pre-
dictions and the results of actual experiments, it is nec-
essary to go beyond the strong magnetic field limit (r0 ≪
1), considered in Sec II A, to reach the regime achieved
experimentally (r0 ∼ 1). We begin by defining a new
characteristic dimensionless parameter r1 = e
2/(π~εv
(1)
g0 )
instead of rH1 and assuming that the approximation is
still valid for r0 . 1. Then the total single-particle en-
ergy of the (n = 0, σ = 1) LL E0,kx,1 = ǫ0,kx,1 + ǫ
xc
0,kx,1
,
where ǫxc0,kx,1 is given by Eq. (8), is given by
E0,kx,1 =
~ωc
2
− |g0|µBB
2
+
m∗Ω2ℓ40
2
k2x −
e2
πε
×
∫ kF−kx
−kF−kx
dx
∆(xδ)
{M(0, xδ)∆(xδ)
− r1[(1 + r1M(0, xδ))(M2(kx − kF , xδ)
+M2(kx + kF , xδ))− 2r1M(2kF , xδ)
×M(kx − kF , xδ)M(kx + kF , xδ)]}, (9)
where xδ =
√
x2 + δ2/ℓ20, ∆(x) it follows from ∆
H(x)
after changing rH1 by r1 ≡ r1(v(1)g0 ). The renormalized
group velocity of the edge states is defined from Eq. (9)
as v
(1)
g0 = (∂E0,kx,1/~∂kx)kx=kF . This is the condition of
self-consistency in the BS approach for the QW. Renor-
malized by exchange-correlation effects, v
(1)
g0 is given by
a positive solution of the cubic equation
v˜3g + (M(0, δ/ℓ0)− v˜Hg )v˜2g − 2v˜Hg M(0, δ/ℓ0)v˜g
− v˜Hg [M2(0, δ/ℓ0)−M2(2kF , δ/ℓ0)] = 0, (10)
where v˜g = 1/r1, v˜
H
g = 1/r
H
1 . This equation was calcu-
lated by using [∂M(kx − kF , xδ)/∂kx]kx=kF = 0 and for
assumed restriction 2kF ℓ0 ≫ 1. A small parameter δ ≪ 1
was introduced in order to avoid the weak logarithmic di-
vergence for x→ 0. HereM(0, δ/ℓ0) ≈ [ln(2
√
2/δ)−γ/2]
and M(2kF , δ/ℓ0) ≈ K0(2kF ℓ0δ) ≈ [ln(1/kF ℓ0δ) − γ],
where γ is the Euler constant and 2kF ℓ0δ ≪ 1. It is
worth to point out that by formally discarding the terms
containingM2(2kF , δ/ℓ0) of Eq. (10), which corresponds
to neglect the correlations due to left edge-states of the
QW, the Eq. (14) of Ref. 5 is obtained. From Eq. (10)
for the condition v˜Hg ≪ [ln(8k2F ℓ20)+γ], which is well sat-
isfied for the assumptions made, we find that only one
root
v
(1)
g0 =
√
e2
π~ε
v1,Hg0 {[M2(0, δ/ℓ0)−M2(2kF , δ/ℓ0)]
×M−1(0, δ/ℓ0)}1/2 + v1,Hg0
≈
√
e2
π~ε
v1,Hg0 [ln(8k
2
F ℓ
2
0) + γ]
1/2 + v1,Hg0 , (11)
satisfies the physical requirement of v
(1)
g0 ≥ 0, i.e., the
occupied LL is below EF for kx within the interval
(−kF , kF ). From Eq. (11) it follows that v(1)g0 /v1,Hg0 ≈
[rH1 (ln(8k
2
F ℓ
2
0) + γ)]
1/2 ≫ 1 and we finally obtain v(1)g0 ∝√
v1,Hg0 . Note that the approximate expression in Eq.
(11), is independent of the small parameter δ, contrary
to the result obtained for wide channels.5 Our Eq. (11)
is essentially different from Eq. (21) of Ref. 12 that
gives v
(1)
g0 ≈ v1,Hg0 , for r0 ≤ 1. If we apply Eq. (11) to
the actual parameters of samples 1 and 2 of Ref. 10 it
follows that v
(1)
g0 /v
1,H
g0 ≈ 10.4 (9.1) and 19.6 (17.0) for
δ → 0 (δ = 10−3), respectively. In Ref. 11 it was found
v
(1)
g0 /v
1,H
g0 ≈ 5 and 10 for samples 1 and 2, at δ = 10−3.
On the other hand, these ratios were calculated numeri-
cally by a weighted iterative method in Ref. 12 and the
values obtained are v
(1)
g0 /v
1,H
g0 ≈ 6.9 and 11 which are
close to our results and in contrast with the analytical
result v
(1)
g0 /v
1,H
g0 ≈ 1.0, for r0 ≤ 1, given in Refs. 12
and 14. The last line in Eq. (11) can be rewritten as
v
(1)
g0 /v
1,H
g0 =
√
r0/π(ωc/Ω){[ln(8k2F ℓ20) + γ]/kF ℓ0}1/2 + 1,
for a parabolic Vy. However, Eqs. (10) and (11) are valid
for any confining potential Vy that satisfies the condition
of smoothness on ℓ0 scale. For instance we can assume
here large variation of v1,Hg0 for a fixed W = 2kF ℓ
2
0. In
particular, v1,Hg0 can approach zero due to the flattening
effect1, while W/ℓ0 = 2kF ℓ0 ≫ 1 is kept constant.
The activation gap, defined by the energy difference
between the bottom of (n = 0, σ = −1) LL and the
Fermi level, is given by G(v1,Hg0 ) = E0,0,−1 − E0,kF ,1 =
ǫ0,0,−1 − E0,kF ,1, where the Fermi level, EF = E0,kF ,1,
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FIG. 1: (Color on line) Energy dispersion curves for the lowest
levels of the quantum wire (units of ~ωc) as a function of
k˜x = kxℓ0. The bottom (top) red solid line represents E0,kx,1
(E0,kx,−1) and the blue dot horizontal line gives the exact
position of EF , when exchange-correlation effects are taken
into account in the BS approach. The green dashed curve
shows E0,kx,1 obtained within the HFA. The horizontal green
dashed line indicates the position of the Fermi level EF within
the HFA. The used parameters are B = 10 T, ~Ω = 0.65
meV, and kF ℓ0 = 18.0 (W ≈ 0.29 µm), which correspond to
parameters of sample 1 in Ref. 10. Here r0 ≈ 0.82, ωc/Ω ≈
26.6, δ = 10−3, and vg/v
H
g ≈ 8.5. As for these conditions
the activation gap is negative (Ga ≈ −2.9), there is no any
stable ν = 1 QHE state, in agreement with experiment10
and, respectively, here the blue dot line actually indicates the
quasi-Fermi level.
follows from Eqs. (9)-(11). The result is
G = |g0|µBB − m
∗ω2c
2Ω2
(v1,Hg0 )
2 +
e2
πεℓ0
∫ 2kF ℓ0
0
du
× {M(0, uδ/ℓ0)[1 +R1M(0, uδ/ℓ0)]−R1
×M2(2kF , uδ/ℓ0)}{[1 +R1M(0, uδ/ℓ0)]2
−R21M2(2kF , uδ/ℓ0)}−1, (12)
where R1 ≡ R1(v1,Hg0 ) is the function obtained from
r1(v
(1)
g0 ), after using the solution v
(1)
g0 = v
(1)
g0 (v
1,H
g0 ) of
Eq. (10) and uδ =
√
u2 + δ2. Notice that due to the
terms depending on M(2kF , δ/ℓ0), the Eq. (12) is es-
sentially different from Eq. (16) of Ref. 5. We empha-
size that the edge-state correlation effects constrain the
Fermi level of the interacting system at the centre of the
QW to be much more closer to the bottom of the empty
(n = 0, σ = −1) LL than to the bottom of the occupied
(n = 0, σ = 1) LL. Then we must say that G is the actual
activation gap of the QW.
In order to assess the effect of many-body interac-
tions on G, we define a dimensionless activation gap as
Ga(v
1,H
g0 ) = G/(|g0|µBB/2).5 In the absence of many-
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FIG. 2: (Color on line) Same as in Fig. 1 for the parameters
pertinent to sample 2 of Ref. 10: B = 7.3 T, ~Ω = 0.46
meV, and kF ℓ0 = 18.0 (W ≈ 0.34 µm). Now r0 ≈ 0.96,
ωc/Ω ≈ 27.4, vg/v
H
g ≈ 9.45 and the activation gap is positive
(Ga ≈ 1.53 > 0) leading to a stable ν = 1 QHE state in the
QW, in agreement the experimental result10 in which Ga ≈
1.0.
body interactions, i.e., in HA Gamax ≡ GHamax = 1. Then
the activation gap is enhanced when Ga > 1. Indeed Ga
can be understood as the activation g-factor of the QW
given in units of the bare g-factor g0. We see that a crit-
ical magnetic field B
(1)
cr is achieved when Ga = 0. For
B > B
(1)
cr we have Ga > 0 and the ν = 1 state is ther-
modynamically stable. Otherwise for B < B
(1)
cr , Ga < 0
and the ν = 1 state is unstable. Furthermore, Pallec-
chi et al.13 were able to obtain some average value of
the effective, spatially inhomogeneous, “optical” g-factor
g∗op = (E0,kx,−1 − E0,kx,1)/µBB. Notice, in agreement
with experiment, that g∗op(kx) can be large, due to the
exchange enhancement, even when Ga goes to 0.
The energy spectra of the spin-split LL subbands cal-
culated within the BS approach and within the Hartree-
Fock approximation, where no correlation effects are in-
cluded, are depicted in Fig. 1. Horizontal lines repre-
sent the position of the Fermi level EF obtained from
both methods. The parameters used in calculations are
those for sample 1 of Ref.10. We see that for these values
r0 ≈ 0.82, ωc/Ω ≈ 26.6, and vg/vHg ≈ 8.5, the criterion
of validity of the BS approach is fulfilled and, because
the activation gap is negative (Ga ≈ −2.9), any stable
ν = 1 quantum Hall effect (QHE) state does exist in
agreement with experiment.10 As shown in Fig. 1, in the
BS approach, EF is actually the quasi-Fermi level when
Ga < 0.
In Figs. 2 and 3 we show the calculation results for
the pertinent parameters of the sample 2 of Ref. 10.
In Fig. 2 we took the most probable experimental val-
ues of ~Ω = 0.46 meV and W ≈ 0.34 µm, and now
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FIG. 3: (Color on line) Same as in Fig. 2 for the confining fre-
quency ~Ω = 0.26 meV, which corresponds to the estimated
threshold for sample 2 in Ref. 10. Here ωc/Ω ≈ 48.5, where
vg/v
H
g ≈ 16.2, and Ga ≈ 12.9.
the magnetic field B = 7.3 T which leads to r0 ≈ 0.96,
ωc/Ω ≈ 27.4, vg/vHg ≈ 9.45. We find that now Ga is
positive (Ga ≈ 1.53) and close to the experimental value
Ga ≈ 1.0 which corresponds to the existence of a sta-
ble ν = 1 QHE state in this sample.10 Figure 3 exhibits
the spin-split LL subbands for another confinement fre-
quency ~Ω = 0.26 meV (the estimated threshold value
in10 for sample 2). In this case ωc/Ω ≈ 48.5, where
vg/v
H
g ≈ 16.2, and Ga ≈ 12.9. Again a stable the QHE
state is predicted to exist.
The dimensionless activation gap Ga is shown in Fig. 4
as a function of the HA group velocity calculated within
the BS approach for B = 10.0 and 7.3 T. The points,
(v˜Hg , Ga), pertinent to parameters of Figs. 1-3, are rep-
resented by the square, circle and triangle marks. They
indicate the collapse of the ν = 1 state (square) or its
stability (circle and triangle) for the QWs in the samples
of Ref.10.
Now we focus on the results, obtained within the BS
approach for the QWs, pertinent to more recent exper-
imental work of Pallechi et al.13 In Fig. 5 we plot the
effective, spatially inhomogeneous, “optical” g-factor g∗op
as a function of k˜x for B = 14.0 T, ~Ω = 4.75 meV
which corresponds to the weakest lateral confinement in
the experiment, at Vside = 0; δ = 10
−3. The chosen
parameters kF ℓ0 correspond to QW widths smaller than
the nominal lithographic width (∼ 1500 A˚), the upper
limit for the effective QW width W . Typical values for
the g-factor at k˜x = 0 g
∗
op ≈ 18.3, 23.2 and 23.9 from the
solid, dashed and dotted curves are rather close to the
measured value (g∗opt ≈ 21, see Fig. 5 of13). The solid
curve corresponds to the experimental value of the linear
electron density in the QW,13 nL = 8.5× 105 cm−1. We
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FIG. 4: (Color on line) Dimensionless activation gap Ga, or
activation gap G in units of |g0|µBB/2, for the ν = 1 state,
as a function of the HA group velocity v˜Hg , calculated within
the BS scheme for kF ℓ0 = 18.0 and δ = 10
−3. The red solid
and green dashed curves correspond to B = 10.0 and 7.3 T,
respectively. The square mark (Ga ≈ −2.94, indicating the
collapse of the ν = 1 state) corresponds to Fig. 1 parameters.
The point marked by the circle (triangle) corresponds to Fig.
2 (3) and it Ga ≈ 1.53 (12.9) clearly predicts the existence of
the ν = 1 QHE state in this QW sample.
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FIG. 5: (Color on line) Effective “optical”g-factor g∗op as a
function of k˜x, for the experimental conditions of Ref. 13:
B = 14.0 T, ~Ω = 4.75 meV. The red solid, green dashed,
blue dotted and black dash-dotted curves are depicted for
kF ℓ0 = 1.83, 3.0, 3.5 and 4.0 corresponding to effective QW
widths of W ≈ 250, 410, 480 and 550 A˚ respectively. The
values of the g∗op ≈ 18.3, 23.2 and 23.9 at k˜x = 0 for the solid,
dashed and dotted curves are very close to the measured value
g∗op ≈ 21. The red solid line corresponds to a QW with linear
density nL = 8.5× 10
5 cm−1.13
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FIG. 6: (Color on line) Dimensionless activation gap Ga as a
function of v˜Hg (or Ω
2/ω2c ) calculated within the BS scheme
for B = 14.0 T and ν = 1. The red solid, green dashed, blue
dotted and black dash-dotted curves were calculated for the
same values of kF ℓ0 and W as given in Fig. 5. The square,
circle, triangle, inverse-triangle symbols indicated the values
of Ga for ~Ω = 4.75 meV (or ωc/Ω ≈ 5.1), used in Fig. 5. It
is seen that the inverse-triangle mark (Ga = −5.35) implies
the collapse of the ν = 1 state.
point out that the existence of the ν = 1 state in the QW
is not predicted only for the parameters used for calcula-
tion of the dash-dotted curve. In Fig. 5 the requirements
for the applicability of the BS approach for the QW are
well fulfilled; r0 ≈ 0.69, ωc/Ω ≈ 5.1 and on the average,
vg/v
H
g & 1.0, v˜
H
g < 1.0. In Fig. 6 dimensionless activa-
tion gap Ga is plotted as a function of v˜
H
g (here it is ∝
Ω2/ω2c ) calculated within the BS approach for B = 14.0
T. The curves are shown for the same parameters as in
Fig. 5. However, in contrast with Fig. 5, Ω is now a
variable parameter.
III. COLLAPSE OF THE ν = 1 QUANTUM
HALL STATE IN THE QUANTUM WIRE
We now turn to the important question of collapse of
the ν = 1 QHE state in a QW, due to the suppression
of exchange-enhanced spin splitting for the two different
theoretical scenarios of the collapse, or the phase transi-
tion, which we propose to understand the experimental
findings. In the first one, there is no change in the QW
width at B
(1)
cr , when the Fermi level, EF , reaches the bot-
tom of (n = 0, σ = 1) LL. This scenario is developed here
by employing the BS self-consistent approach (beyond
the HFA), as discussed in Sec. II. The second scenario is
similar to one proposed by Kinaret and Lee, where the
collapse of the ν = 1 state is caused by the transition
to the ν = 2 state in the centre of the QW. The latter
state has an effective width two times smaller that the
former one if we ignore the bare g-factor; g0 = −0.44 for
GaAs samples. For a more accurate description of this
phase transition some improvements in the study of Ref.
7, discussed partly in Sec. I, are necessary.
A. Collapse of the state within the second scenario
We will not restrict ourselves, in this subsection, to
the limit Ω2/ω2c ≪ 1, but consider also the important
case Ω/ωc & 1, by using Eqs. (1), (2) and other general
formulas of Sec. II valid for arbitrary Ω/ωc. Within the
restricted HFA model the single-particle energies of the
two lowest spin-split LLs (n = 0, σ = ±1) are written as
EF0,kx,±1 =
~ω˜
2
∓ |g0|µBB
2
+
~
2
2m∗
(
Ω
ω˜
)2k2x
− e
2
πε
∫ kx+k(±1)F0
kx−k
(±1)
F0
dxMa(0, x), (13)
where the last term corresponds to the exchange in-
teraction. The function Ma(0, qx) = 2
−1 exp[−(2a2 −
1)q2xℓ˜
2/4]K0(q
2
xℓ˜
2/4) for Ω2/ω2c → 0 (correspondingly,
a → 1) coincides with M(0, qx), and k(±1)F0 is the Fermi
wave vector of the spin-split level. Note that for the ν = 1
state of the QW, k
(−1)
F0 = 0 as only the (n = 0,σ = +1) LL
is occupied, the exchange contribution in EF0,kx,−1 van-
ishes. The exchange interaction, given in Eq. (13), coin-
cides with Eq. (10) of Ref.7 only in the limit Ω2/ω2c → 0
and it is essentially different for Ω/ωc & 1, in particular,
due to the fact that a 6= 1.
Integrating Eq. (13) over kx from −k(±1)F0 to k(±1)F0 ,
after taking half of the exchange term to avoid double
counting, and then summing the result for these two lev-
els we arrive to the expression for the total energy of the
Q1DES in QW, per unit of length as
EF,tot(λ) =
~ω˜
2
nL − |g0|µBBλ+ π
2
~
2
6m∗
(
Ω
ω˜
)2
1∑
p=0
[
nL
2
+ (−1)pλ]3 − e
2
2π2ε
1∑
p=0
∫ π[nL/2+(−1)pλ]
0
dkx
×
∫ kx+π[nL/2+(−1)pλ]
kx−π[nL/2+(−1)pλ]
dxMa(0, x), (14)
where λ is the linear density asymmetry between the
spin-split levels and k
(±1)
F0 = π[nL/2 ± λ]. Notice, the
p-term of last sum of Eq. (14) cannot be reduced to Eqs.
(13) and (14) of Ref. 7 for any finite Ω/ωc. However, for
Ω2/ω2c ≪ 1 the relative difference between them becomes
negligible. It is implicit in Eq. (14) that if one spin-split
LL is occupied then the condition (i) EF
0,k
(+1)
F0 ,+1
< ǫ0,0,−1
should be satisfied. On the other hand, if both spin-split
LLs are occupied then the following condition of thermo-
dynamical stability (ii) EF
0,k
(+1)
F0 ,+1
= EF
0,k
(−1)
F0 ,−1
should
8be satisfied. We note that the conditions (i) and (ii) are
actually fulfilled only for one, two or three values of λ
within the range nL/2 ≥ λ ≥ 0 depending on ωc, Ω and
other parameters. It does mean that each one of the
three curves of Fig. 2 in Ref. 7 (plotted for three values
of nL) are really reduced, due to necessary conditions (i)
and (ii), to three points corresponding to λ = 0, nL/2,
and a third λ which has a more specific value for each
curve.
By applying Eqs. (13), (14) to GaAs-based QWs of
Refs. 10 and 13, with fixed nL, we obtain that for any
λ ∈ [0, nL/2] the results for the critical magnetic field
B
(2),F
cr for the actual value of |g0| = 0.44 are very close to
results for g0 = 0. Indeed, in Eq. (14), |g0|µBB ≪ e2/εℓ˜.
So in very good approximation we further assume that
g0 = 0.
Our analysis shows that the state with the lowest total
energy corresponds to λ = 0 (equally occupied spin-split
LLs: ν = 2 state) or to λ = nL/2 (one occupied spin-
split LL: ν = 1 state). Then to calculate B
(2),F
cr , within
the second scenario where the ν = 1 state with width W
(k
(1)
F0 = kF , k
(−1)
F0 = 0) collapses to the ν = 2 state with
widthW/2 (k
(±1)
F0 = kF /2), we need to solve the equation
∆EF,tot(B,Ω;nL) ≡ EF,tot(nL/2)−EF,tot(0) = 0. (15)
For fixed nL, from Eq. (15), we obtain the critical curve
Ω(B
(2),F
cr ). We point out that the latter curve is different
from the equivalent critical curve Ω(B
(2),KL
cr ), calculated
within the Kinaret-Lee model due to the inappropriate
calculation of the exchange interaction term, as outlined
above. In contrast with the first scenario discussed in the
previous section where, at B
(1)
cr , there is no change of the
effective QW width, now the QW width drops sharply
by a factor 2 at a certain B
(2),F
cr . As a consequence, this
strong redistribution of the charge density in the QW
compels us to add the Hartree interaction that results in
the direct interaction term,
∆EH =
4e2
π2εa2ℓ˜2
∫ ∞
0
du
u3
e−u
2/2[1−cos2(akF ℓ˜u
2
)]2, (16)
modifying the Eq. (15) and leading to the correct ex-
pression for the critical point in the HFA, as
∆EHF,tot(B,Ω;nL) ≡ ∆EF,tot(B,Ω;nL)−∆EH = 0.
(17)
We observe that because ∆EH > 0, for any finite B,
it follows from Eq. (17) that, in the HFA, the Hartree
interaction contributes to make the total energy of the
ν = 1 state lower than that of the ν = 2 QW state. We
will see that for Ω/ωc . 1 and nL,Ω fixed, the critical
magnetic field B
(2)
cr , calculated from Eq. (17), is very dif-
ferent from B
(2),F
cr , calculated by neglecting the Hartree
interaction. It is easy to see that for Ω/ωc →∞ the dif-
ference between Eqs. (15) and (17) becomes negligible,
and B
(2),F
cr ≃ B(2)cr .
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FIG. 7: (Color on line) Critical curves Ω vs Bcr for the col-
lapse (Ga = 0) of the ν = 1 state in the GaAs-based QWs, for
two linear densities. The first scenario Ω = Ω(B
(1)
cr ), shown
by the red solid curves, is calculated within the BS approach.
The second scenario Ω = Ω(B
(2)
cr ), indicated by the green
dashed curves, is evaluated in the HFA from Eq. (17).
B. Phase diagram for the ν = 1 state collapse
The phase diagrams for the collapse of the ν = 1
state of the interacting Q1DES, laterally confined by a
parabolic potential with characteristic frequency Ω, that
follow from the first and the second scenarios, are plot-
ted on a logarithmic scale in Fig. 7. The horizontal axis
represents the critical magnetic field Bcr at which the ac-
tivation gap is suppressed, while the vertical axis is the
confinement frequency on a scale compatible with pa-
rameters for GaAs-based samples. The red solid curves
represent the suppression of the activation gap, driven
by exchange-correlation effects in the QW that are cal-
culated for the proposed first scenario within the BS ap-
proach. The green dashed lines are obtained from the
solution of Eq. (17) and corresponds to the second sce-
nario where the phase transition due to equal population
of both spin-split LLs occurs at B
(2)
cr .
In Fig. 8 we compare the critical curve Ω vs Bcr (red
solid line), calculated within the HFA [Eq. (17), for the
second scenario with the result obtained from the solu-
tion of Eq. (15), or Eq. (17) where the Hartree inter-
action contribution ∆EH is excluded (red dotted line).
We also show the critical curve Ω(B
(2),KL
cr ) calculated for
the Kinaret-Lee model, according to the Eqs. (12)-(14)
of Ref.7 (green dashed line).
Critical curves Ω(Bcr) are depicted in Fig. 9 in a
linear-scale plot for the experimental conditions of Ref.
13. The curves split the region ν = 2 on the left side
from the region ν = 1 on the right side of the phase di-
agram. The red solid curve represents Ω(B
(1)
cr ) for the
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FIG. 8: (Color on line) Comparison of the second scenario
result for the critical curve Ω = Ω(B
(2)
cr ) plotted by the red
solid curve (from Eq. (17)) with the result from the Kinaret
and Lee scenario Ω = Ω(B
(2),KL
cr ) plotted by the green dashed
curve (from their Eqs. (12)-(14) in which the Hartree interac-
tion is not taken into account7). The result of the second sce-
nario with the Hartree interaction discarded, Ω = Ω(B
(2),F
cr ),
is plotted by the red dotted curve. The linear density for a
QW is nL = 6× 10
5 cm−1.
first scenario calculated in the BS approach and the red
dot-dashed line shows Ω(B
(1),HF
cr ) in the HFA. The com-
parison between these curves indicates the role of electron
correlations in the QW system for the first scenario. The
green dashed curve indicates Ω(B
(2)
cr ) for the second sce-
nario in the HFA (from Eq. (17)) and Ω(B
(2),KL
cr ) is de-
picted by the blue dotted curve. Our results for Ω(B
(2),F
cr )
(calculated from Eq. (15), but not shown in Fig. 9) co-
incide with those from Ref. 7, because ω2c/Ω
2 ≫ 1 for
the curves depicted in Fig. 9.
Various experimental consequences of our theoretical
analysis are now discussed. For the lowest confinement
frequency ~Ω = 4.75 meV, taken from the experiment of
Ref. 13 for the side gate voltage, which controls the lat-
eral confinement, Vside = 0, the predicted critical mag-
netic fields from curves of Fig. 9 are B
(1)
cr = 7.26 T,
and B
(2)
cr = 2.65 T, whereas the experimental value is
Bcr = 7 T. The close agreement is a clear evidence that
the first scenario is realized in this case. Note that here
B
(2),F
cr ≈ B(2),KLcr = 8.47 T and B(1),HFcr = 5.73 T for
~Ω = 4.75 meV. For the largest confinement frequency,
~Ω ≈ 7.0 meV, obtained for the largest negative Vside
in Ref. 13, we have B
(1)
cr = 9.6 T and B
(2)
cr = 4.1
T that can be compared with the experimental value
Bcr = 10 T. This allows us to conclude that the first
scenario is again realized. Note that for the same con-
fining frequency it follows that B
(1),HF
cr = 7.7 T and
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FIG. 9: (Color on line) Linear scale plot of the critical
curves for the experimental conditions of Ref. 13, with
nL = 8.5× 10
5 cm−1. The first scenario result, Ω = Ω(B
(1)
cr ),
calculated in the BS scheme, is given by the red solid curve
and the red dot-dashed curve plots, Ω = Ω(B
(1),HF
cr ), the
same curve, however, with neglected correlations, i.e., in the
HFA. One can see clearly, by comparing these curves, the role
of electron correlations. The green dashed line represents the
second scenario result, Ω = Ω(B
(2)
cr ), in the HFA. The result
of the Ref. 7 model, Ω = Ω(B
(2),KL
cr ), is denoted by the blue
dotted curve; in Fig. 9 it will practically coincide with our
result, Ω = Ω(B
(2),F
cr ), for omitted direct interaction in the
second scenario. It can be seen that only the red solid curve,
obtained within the first scenario, can explain the observed
critical magnetic fields in which the collapse of the ν = 1
state occurs for different values of13 Ω as the blue dotted
curve should be discarded.
B
(2),F
cr ≈ B(2),KLcr = 10.8 T. That is surprising that for
some specific values of the confinement frequency, the
results taking into account only the exchange interac-
tion can lead to Bcr close to the experimental ones, even
though, from the theoretical point of view, we have shown
that the Hartree direct term is quite essential because the
strong redistribution of the electron density in this sce-
nario.
Now we continue our discussion by analyzing the re-
alization of two scenarios for the sample parameters of
the older experiment.10 In Fig. 10, we depict the critical
curves Ω(B
(1)
cr ) and Ω(B
(2)
cr ) by red solid lines and green
dashed lines respectively. We plot also for comparison
Ω(B
(2),KL
cr ), obtained within the Kinaret-Lee model by
the blue dotted lines; there is no noticeable difference
between Ω(B
(2),F
cr ) and Ω(B
(2),KL
cr ) in this case. For pa-
rameters of sample 1, used in Fig. 1 (~Ω = 0.65 meV),
we observe that B
(1)
cr = 10.8 T (for g0 = −0.44 it should
be B
(1)
cr = 10.4 T) and B
(2)
cr = 1.27 T. The other critical
fields B
(2),KL
cr ≈ B(2),Fcr = 20.0 T. These results support
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FIG. 10: (Color on line) Same critical curves, as in Fig. 9,
for the sample 1 (sample 2) quantum wire of Ref. 10 with
nL = 7.0 (6.0)×10
6 cm−1 plotted by the lower (upper) the red
solid line, Ω = Ω(B
(1)
cr ), the green dashed curve, Ω = Ω(B
(2)
cr ),
and the blue dotted line, Ω = Ω(B
(2),KL
cr ). Only the first
scenario results explain well the experimental observations10
(see the text).
the occurrence of the first scenario, because the collapse
of the ν = 1 state was not observed even though it was
expected to occur at B = 10 T.10 We see again how im-
portant is the Hartree contribution for the stability of
the ν = 1 state in the second scenario. Furthermore,
for the parameters of sample 2 of Ref. 10, used in Fig.
2 (~Ω = 0.46 meV), we find B
(1)
cr = 7.3 T (for finite
g0 = −0.44, it should be B(1)cr = 7.0 T), B(2)cr = 0.82
T, and B
(2),KL
cr ≈ B(2),Fcr = 13.1 T. In addition, for
the parameters used in Fig. 3 (~Ω = 0.26 meV) of the
same sample, we obtain B
(1)
cr = 4.8 T (notice, for finite
g0 = −0.44, it should be B(1)cr = 4.6 T), B(2)cr = 0.46
T, and B
(2),KL
cr ≈ B(2),Fcr = 9.2 T. As for the fixed con-
finement frequencies in Fig. 10, we concluded that the
theoretical results indicate again the occurrence of the
first scenario, because the observed ν = 1 QHE state
persists with the centre of the plateau at B = 7.3 T.10
IV. CONCLUSIONS
We have studied in this work two scenarios for phase
transitions leading to the collapse of the ν = 1 quantum
Hall state in a QW due to the suppression of exchange-
enhanced activation g-factor. In the first scenario the
collapse of the activation gap Ga (as well as the g-factor)
occurs at B
(1)
cr without any finite redistribution of the
charge density in the QW; we have obtained it for a still
strong exchange-enhanced optical g-factor g∗op(0) at the
centre of the QW (see Fig. 5), which is in reasonable
agreement with the experimental results.13 Within the
second scenario of the collapse of the quantum Hall state,
there is a strong decrease of the electron width W of the
QW at B
(2)
cr . In this case g∗op(kx) drops to zero for any kx.
Because the electron density is strongly redistributed in a
narrow region, the Hartree term of the total energy plays
essential role and must be included in the calculations.
We call the attention for an important point coming
from our theoretical investigations. In the second sce-
nario, it follows (see Fig. 8, for instance) that, for a
given nL, there is Ω0 such that for Ω > Ω0 and for any
B, in particular, for B → 0, the ν = 1 state should be
stable. Furthermore, Ω can be chosen sufficiently large so
that the parameter e2/(εℓ˜~ω˜) would be extremely small.
However, this contradicts the Lieb-Mattis theorem16 that
assures that the ground state of 1D many-body system is
demagnetized.17,18 This result reinforces the role of cor-
relations for weak magnetic fields.
Our study, using the extended BS approach, demon-
strated the importance to take into account correlation
effects, due to edge states screening, for the dependence
of the LLs on the position nearby the edges.
We have compared the theoretical results in both
scenarios with experiments performed by two different
groups.10,13 Even though a direct comparison with exper-
iments should be difficult, due to different samples and
accuracy of essential parameters, our overall conclusion
is that the first scenario is most favorable to be realized
in QWs.
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